A mathematical model was developed to both describe an airfoil electrothermal anti-ice system operation and enable prediction of its main parameters. A reference case was chosen to define the mathematical model and support the results validation. The first law of thermodynamics is applied to airfoil solid surface and runback water flow. In addition, liquid water is subjected to mass and momentum conservation principles. The overall heat transfer coefficient, between gaseous flow and airfoil, is very sensitive to solid surface temperature gradients and runback water evaporation, requiring an adequate solution of the thermal boundary layer. Therefore, the mathematical model included dynamic and thermal boundary layer equations in integral form, which considers variable properties, pressure, and temperature gradients on the surface, coupled heat and mass transfer effects, and laminar to turbulent transition region modeling. 
T HE ice accretion on aircraft wings and stabilizers may cause some aerodynamic performance degradation, weight increase, control, and maneuver abilities difficulties, that may lead to an operational safety margin reduction. When the aircraft is flying through a supercooled water droplets cloud, which is in a metastable thermodynamic equilibrium, the ice accretion on some aerodynamic surfaces will occur if they are not adequately protected. To protect the airfoils and guarantee safe flight in icing conditions, commercial and some military aircraft have ice protection systems, which can be classified in deice and anti-ice types. The deice system cyclically operates to remove the ice layer formed after some exposition period. When the system is not actuated, the ice builds up on the airfoil; when it is actuated, the system removes the ice from the airfoil. On the other hand, the anti-ice system prevents any ice accretion on airfoils and continuously operates while the aircraft flies under icing conditions. Most commercial jetliners have thermal anti-ice systems that use either engine hot bleed air or electrical heaters. An electrothermal anti-ice system, for instance, consists of a set of electrical heaters installed spanwise and streamwise on the airfoil, mainly at regions exposed to droplets impingement. Basically, the anti-ice systems can operate in three regimes: 1) fully evaporative: the impinging water droplets are vaporized close to the impingement region; 2) evaporative: the runback water flows over the airfoil leading edge and evaporates in a position upstream to the end of protected area; and 3) running wet: water runback flows downstream the end of the protected area. Consequently, in the running wet regime, if the runback water flows to regions downstream the thermally protected zone, the water will freeze and form runback ice. Therefore, depending on height, shape, and roughness of residual ice, a significant degradation of the airfoil aerodynamic characteristics and aircraft operational performance may occur. An adequate thermal anti-ice numerical code shall be used for conception, integrated optimization of aircraft systems, architecture definition, ice protection system sizing, and system development. In addition, during the certification phase, the code shall support critical cases matrix definition and test campaign planning. As a result, if numerical results are validated, the icing tunnel and natural icing flight tests duration and costs can be minimized.
II. Previous Works
The classic icing codes LEWICE [1, 2] , TRAJICE2 [3, 4] , and ONERA2D [5] estimate ice shapes over nonprotected airfoil surfaces. A comprehensive review of the mathematical model and a comparison of these codes' prediction capabilities were published by Wright et al. [6] . The main modules of these classic icing codes are: 1) flowfield, which solves the flow around an airfoil; 2) droplets trajectories, which calculates droplets flow paths and the local collection efficiency; and 3) thermal balance, which estimates the ice growth and its two-dimensional shape by applying the first law of thermodynamics to water and adiabatic solid surface around the airfoil leading edge. The majority of anti-ice numerical codes use the first and second modules but replace the third one by another that considers anti-ice heat flux distribution to calculate surface temperatures and runback mass flow rate.
At British Royal Aircraft Establishment, Cansdale, and Gent [3] implemented one of the pioneering works regarding thermal balance around nonheated airfoils under icing conditions by extending Messinger's [7] mathematical model to compressible flow and water vapor local concentration. Gent [4] implemented the numerical code TRAJICE2, which predicts two-dimensional ice shapes on airfoils. The author approximated the flow over the airfoil leading edge as one over the frontal part of a cylinder and, by scaling experimental results of heat transfer around rough cylinders, developed an empirical expression to evaluate convection heat transfer coefficient on airfoil surfaces. Alternatively, Gent [4] implemented a boundary layer integral analysis to evaluate the laminar and turbulent heat transfer coefficient over a near isothermal without mass transfer effects. The laminar to turbulent transition is assumed to occur when critical Reynolds number based on roughness height is 600. As other classic icing codes, the heat transfer prediction is only valid for thin ice accretions, i.e., at the beginning of accretion process, in the absence of flow separation [8] . Gent et al. [9] developed a rotorcraft airfoil deicing code that evaluates heat transfer coefficient distribution with the same procedure adopted in TRAJICE2, however, the authors concluded that the evaluation of the convective heat transfer coefficient during deicing operations shall be improved in future researches.
Makkonnen [10] proposed a calculation procedure for laminar, transitional, and turbulent heat transfer between an air stream with droplets and a rough surface of an iced cylinder. The author used the heat transfer coefficient to predict icing in wires of electrical power transmission lines. The heat transfer coefficient around the cylinder surface is evaluated with the boundary layer integral analysis based on Kays and Crawford [11] . He implemented a laminar boundary layer conduction thickness evaluation with Smith and Spalding's [12] model and a turbulent Stanton number expression, which requires evaluation from boundary layer analysis and such as estimated experimentally by Pimenta et al. [13] . Both laminar and turbulent convective heat transfer coefficients are evaluated by analogy between momentum and heat transfer that assumes flow over a near isothermal surface without mass transfer. Additionally, Makkonnen [10] assumed an abrupt laminar to turbulent flow transition and that the momentum thickness has no discontinuity at transition point, i.e., 2;lam 2;turb . The author also proposed a transition criteria based on an expression that correlates pressure gradient and roughness height effects to momentum boundary layer flow stability.
Wade [14] , and Downs and James [15] developed a numerical code to simulate a hot air engine inlet anti-ice system. The authors used semi-empirical correlations to calculate the convection heat transfer coefficients at two regions of engine inlet: 1) between the impingent hot air jets, from piccolo tube, and the concave internal surface of the nacelle lip leading edge; 2) between the free stream flow, loaded with supercooled water droplets, and the exposed surface of the nacelle leading edge. In the latter, the authors modeled the external flowfield as a combination of a flow around the frontal part of a cylinder and a flow along two parallel flat plates. Therefore, the cylinder and flat plate correlations were forced to match to decrease deviation between numerical results and test data. To improve the convective heat transfer evaluation and obtain solid surface temperature results closer to test data, Riley [16] used a CFD numerical tool to solve the flowfield and estimate the heat transfer on nacelle lip external surfaces exposed to droplets impingement and on internal surfaces subjected to engine bleed air heating. The author compared the thermal operational performance of several nacelle lip geometries as well as different configurations of blowing, circulating, and exhausting hot air in leading edge internal compartments.
Henry [17] developed a numerical code to predict parameters of deicing systems operation. The author modified ONERA2D [5] by introducing a different thermal balance procedure for deicing simulation. In a later work, Henry [18] applied a finite difference boundary layer solver to evaluate laminar and turbulent heat transfer coefficients over the airfoil nonisothermal surface coupled with a transient two-dimensional water freezing front based on an enthalpy method [19] .
Al-Khalil [20] developed the mathematical model, which considers rivulets effects on thermal balance, and Al-Khalil et al. [21] implemented the numerical code ANTICE to predict parameters of a thermal anti-ice system operation. This code uses the flow solver as well as the droplets trajectory and boundary layer calculation routines from LEWICE code [22, 23] . The standard thermal module of the LEWICE adopts Messinger [7] equations for the freezing process over an adiabatic airfoil surface. Al-Khalil et al. [21] extended the standard thermal balance for ice shape prediction to simulate anti-ice operation by considering airfoil surface heat flux distribution and a complete runback model with liquid water film breakdown into rivulets. Nevertheless, Al-Khalil et al. [21] used the same LEWICE boundary layer integral analysis in ANTICE code, despite it being dedicated to evaluating heat transfer over icing surfaces that are rough and near isothermal. Because of significant deviations between numerical results and experimental data for solid surface temperatures, the authors also implemented in the code the possibility to use directly the experimental heat transfer coefficient. For convection heat transfer calculation, this code estimates the laminar boundary layer conduction thickness, assumes a transition criteria triggered by roughness, and estimates turbulent heat transfer coefficient over a rough surface with similar assumptions and procedures adopted by Makkonnen [10] .
Morency et al. [24] implemented a numerical code for anti-ice simulation and validated its results with experimental data from AlKhalil et al. [21] . The authors published results of two versions of the main code: 1) CANICE A, which uses an experimental overall heat transfer coefficient; and 2) CANICE B, which uses an estimated by momentum and heat transfer analogy [11] , a transition position arbitrarily imposed or estimated by Michel's classic correlation [25] , and for fully the turbulent boundary layer, uses the turbulent expression developed by Ambrok [26] . Specifically, the CANICE B code considers some effects of streamwise airfoil surface temperature gradients when performing the thermal turbulent boundary layer integral analysis. Neither the model of laminar to turbulent flow transition nor the procedure to define the turbulent boundary layer virtual origin was described by the authors. Morency et al. [27] published the results of CANICE FD that uses a finite difference numerical scheme to calculate momentum, heat, and mass transfer in the flow around the airfoil. The procedure adopted takes into account the laminar and turbulent boundary layer as well as the transition region. Furthermore, it uses the Cebeci-Smith mixing length turbulence model for eddy viscosity that includes an intermittency function for the transition between laminar and turbulent flow regimes [25] .
Silva and Silvares [28] described the development of the thermal anti-ice mathematical model in detail and summarized Silva's thesis bibliography research, results, conclusions, and contributions [29] . Silva et al. [30, 31] briefly described the mathematical model, presented some numerical code results, and compared with experimental data and other codes' results for an anti-ice system operating in both evaporative and running wet regimes. Their mathematical model for anti-ice system simulation, which is detailed and analyzed described herein, applies the first law of thermodynamics to liquid water flow and solid airfoil surface together with the conservation of mass and momentum to liquid water flow. At first stages of mathematical model development, Silva [29] tried to use the ONERA2D boundary layer evaluation procedure, which adopts the Makkonnen model [10] , in his new thermodynamic solver but the heat transfer coefficient in the turbulent region was overestimated. Like other classic icing codes, ONERA2D evaluates the convection heat transfer over fully rough surfaces, which is applicable to an airfoil with ice formation but not with thermal ice protection. Also, this procedure [10] assumes abrupt laminar to turbulent transition triggered by roughness and neglects the effects of the temperature gradient distribution in streamwise direction, as well as the coupling between evaporation and thermal boundary layer growth. Therefore, Silva et al. [30, 31] implemented a numerical code to evaluate the integral equations of momentum and thermal boundary layers considering a nonisothermal airfoil surface with evaporation in laminar, transition, and turbulent flow regimes.
III. Objective
A novel thermal solver, which includes a boundary layer mathematical model with coupled heat and mass transfer effects, was developed for anti-ice numerical simulation and an extensive validation process was realized. This work is an extension of previous developments of Silva et al. [30, 31] and proposes a mathematical procedure for estimation of airfoil electrothermal antiice system operational parameters.
IV. Reference Cases
Reference cases are necessary to determine the scope of the mathematical modeling, define the set of assumptions, simplify the equations, and support further results validation. They also determine the validity range of the results. Therefore, the reference cases were chosen based on the existence of reliable and recognized experimental data in open literature.
Al-Khalil et al. [21] performed anti-icing experiments at the Icing Research Tunnel at NASA Glenn Research Center facilities, Cleveland, Ohio. The authors measured surface temperature and overall heat transfer coefficient to validate ANTICE numerical code results. Several cases were run at the icing tunnel using an electrically heated airfoil for anti-icing system operation. As shown in Fig. 1 , the airfoil was a 1.828 m span by 0.914 m chord, NACA 0012 profile with electronically controlled heaters. Each heater element in the streamwise direction had one thermocouple, one thermoresistor sensor, and one heat flux gauge installed. There were two sets of electrical heaters placed side-by-side spanwise and each heater set had seven individually controlled heaters. The total protected area was 0.914 m spanwise (two heater sets of 0.457 m) by 0.197 m streamwise (upper and lower surfaces at the leading edge region).
From this large experimental data set [21] , representative runs at running wet, fully, and partially evaporative regimes were chosen to serve as references. During these test runs, the total electrical power provided to each heater set varied from 0.96 to 2.2 kW, true air speeds (TAS) varied from V 1 44:4 to 88:8 m=s, but angle of attack was kept constant at 0 deg. The associated icing test conditions were T tot 21:6 C, LWC 0:55-0:78 g=m 3 , and MVD 20 m, where LWC is liquid water content and MVD is median volumetric diameter.
V. Anti-Ice Simulation Overview
The mathematical model proposed by Silva et al. [30, 31] requires the following: 1) the solution of velocity and pressure fields around the airfoil; 2) the calculation of droplet trajectories; 3) the application of the first law of thermodynamics to the liquid water and airfoil solid surface, plus the conservation of mass and momentum to the liquid water flow over the airfoil; and 4) the calculation of the dynamic and thermal boundary layers to obtain the coupled heat and mass transfer over the airfoil solid surface and liquid water flow.
The flowfield around airfoil and local collection efficiency data was obtained from an external numerical code ONERA2D [5] icing code but it can be also determined by other CFD tools. With this standard input data, the proposed mathematical model is able to predict operational parameters like solid surface temperatures, runback mass flow rate, and convection heat transfer coefficient distributions along the airfoil solid surface. Figure 2 shows the coordinates system and the five domains used in the present mathematical model, which are: 1) free stream flow, 2) gaseous flow, 3) momentum or thermal boundary layers, 4) water film flow, and 5) solid surface. By using this strategy for domain division, the mathematical model can be organized and simplified.
VI. Mathematical Model Description
The first law of thermodynamics applied to solid surface (domain 5) results:
Equation (1) considers conduction heat transfer in s direction but neglects in y direction. The heat flux distribution term _ q 00 anti ice in Eq. (1) is determined by electrical heater elements.
The recovery factor is assumed to be Pr 1=2 in laminar regime and Pr 1=3 in turbulent regime. A type of wetness factor is defined to represent the wetted area fraction in the finite volume (F 1 if surface of liquid-gas interface is fully wet, 0 < F < 1 if it is partially wet, F 0 if it is fully dry). The last finite volume at the trailing edge on the upper or lower airfoil surface is considered to be adiabatic. The thermodynamic properties of air for high-speed flows can be evaluated at temperature [32] :
T air T e 0:5 T int T e 0:22
where solid-gas or liquid-gas interface temperature can assume the value of T wall or T water , if the airfoil surface is dry or wet, respectively.
By applying the first law of thermodynamics to the water film flow (domain 4), it is possible to obtain the following equation:
with
The convection heat transfer coefficient, between water film (4) and solid surface (5), is calculated by the Colburn analogy between momentum and heat transfer: The water thermodynamics properties are evaluated for low speed flows according to Eckert [32] at temperature T water T wall 0:5 T water T wall (8) By applying the mass conservation principle to the water film flow (mathematical domain 4), the following equation is obtained:
According to Spalding [33] The heat transfer driving force is defined as [11, 13, 33 ]
For the mass transfer, surface roughness, and pressure gradient levels of the reference cases defined herein, the effect of blowing on convective heat transfer is accounted for through From the water droplet local collection efficiency definition, the impinging water flow is given by
At stagnation point, it is assumed that no runback water enters in the finite volume and Eq. (9) is solved from the stagnation point to the downstream direction for both lower and upper airfoil surfaces.
At the finite volume where T water reaches solidification temperature, it was assumed that there is no outlet runback water mass flow rate, _ m out 0, which denotes the beginning of the water freezing. Neither the effects of solidification enthalpy is considered in Eq. (5) nor the existence of partially frozen water runback is included in Eq. (9) . These are crude assumptions to forecast the water freezing location and ice growth, however, they are conservative enough to inform if the system is not performing adequately. In addition, one of the objectives of the present work is to predict performance of an anti-ice system, which is designed to prevent ice formation and operate at higher average temperatures than 0 C. If the warming effect due to enthalpy releasing had been considered, the model would have indicated the water freezing initiation in a further position than predicted by this model. Al-Khalil [20] used similar conservative assumptions for the freezing process in his basic model.
To compare the numerical results of present work with experimental data [21] , an overall heat transfer coefficient was defined, taking into account the effects of convective heat transfer rate across solid-liquid and liquid-gas surface interfaces (i.e., h water and h air ), runback water enthalpy net flux, water droplets impingement enthalpy, and evaporation enthalpy:
The momentum conservation equation for the water film in the present case is 
Equation (20) is solved by applying the boundary conditions at the water film flow (4):
The velocity profile of the water film, after the solution of Eq. (20) 
The water film thickness can be calculated from the mean water film velocity, which is obtained with Eq. (22), and is given by
VII. Gaseous Flow Boundary Layers
The evaluation of the convective heat transfer and friction coefficients distribution around the airfoil is performed by solving the thermal and dynamic boundary layers equations in integral form at laminar and turbulent regimes. For laminar-turbulent transition regime, it is proposed a linear combination of turbulent and laminar results weighted by an exponential probability function.
In the present paper, both momentum and thermal boundary layer equations are simplified considering a steady-state and onedimensional flow with moderate pressure gradient over a smooth, nonisothermal, and impermeable surface. These assumptions lead to Eqs. (24) and (31) . Note that evaporation mass flux is neglected in those equations, however, the effect of blowing in convective heat transfer is estimated, Eqs. (15) and (16) 
The laminar friction coefficient C f;lam is evaluated in a function of the pressure gradient parameter by the procedure developed by Cebeci and Bradshaw [25] : 
For the present work, the integral equation of momentum thickness in turbulent regime, Eq. (24), is satisfactorily simplified to [11] 
The local convective heat transfer in turbulent regime is evaluated by [11, 26] 
VIII. Laminar-Turbulent Transition in Gaseous Flow
Sogin [35] found that an adequate convection heat transfer calculation around an airfoil equipped with an ice protection system requires the knowledge of the laminar-turbulent transition position. The same author observed that a finite transition region extension occurs under icing conditions and that it may be longer in icing tunnel tests than in natural icing flights.
Usually, the classic icing codes assume that transition occurs abruptly in a position s tr . Based on literature and experimental evidence, it is proposed in the present model to represent the transition as a region with defined length where the flow goes from fully laminar to fully turbulent regime.
Reynolds et al. [36] defined the laminar-turbulent transition region statistically by a mean position and a standard deviation length. The authors defined a normal cumulative distribution, which goes from zero at lower Re s limits (fully laminar) to unity at upper Re s limits (fully turbulent). This function describes the probability of the turbulent flow regime to appear at a certain position upstream to s. Both St and C f within the transition region are calculated by a linear combination of the laminar C f;lam and St lam with turbulent C f;turb and St turb values. The transition model adopted herein [36] was developed based on the experiments performed by Schubauer and Klebanoff [37] .
The heat transfer flux from the interface surface (solid-gas or liquid-gas) to gaseous flow is approximately represented by
where is the probability of turbulent flow to occur upstream s position. Equation (36) 
For ice protection systems simulation, the values of s m and from Eq. (37) are usually defined from either experimental data or previous experience. It is recommended to be attentive when using classical semi-empirical criteria, such as the one developed by Michel [25] , or automated procedures to predict the onset and length of the transition region. These procedures may have a limited validity range and, therefore, not be applicable to predict transition parameters of flows around heated airfoils under natural ice flights or icing tunnel conditions.
IX. Conclusions
The present paper proposes an innovative procedure to evaluate heat and mass transfer over dry and wet surface regions of an airfoil containing an electrothermal ice protection system. Although laminar, transition, and turbulent boundary layer models have been used in other applications, such as gas turbine vane cooling, this approach is not applied to the airfoil anti-ice numerical simulation. The coupled mass transfer model used in the present work has been similarly applied to paper drying process simulation and condenser designs, however, they have limited or no application to aircraft ice protection in the reviewed bibliography.
To decrease the deviations between model predictions and experimental data for airfoil surface temperature distribution, previous authors adopted finite difference, finite volume schemes, or even CFD commercial tools because they did not have satisfactory results when using conventional boundary layer integral analysis. The classic icing codes evaluate the heat transfer coefficient with momentum boundary layer parameters and roughness height by using one of momentum and heat transfer analogies. In other mathematical models, the authors adopted even more limited semiempirical expressions for convection heat transfer estimation. As a result, some of the procedures proposed by previous researchers are likely to be more adequate for estimation of the heat and mass transfer around nonheated airfoils with rough and near isothermal icing surfaces. The present model proposes a boundary layer integral analysis to estimate the coupled heat and mass transfer over heated airfoils with nonisothermal and relatively smooth surfaces, which is the case of an airfoil equipped with anti-ice systems.
In addition, most previous works considered an abrupt laminar to turbulent flow transition. The present work, on the other hand, proposes a continuous and smooth transition region mathematical model to link the laminar to turbulent flow regimes. This transition region estimation procedure is applied to both momentum and thermal boundary layer parameters. Some evidence has indicated the adequacy of the present transition region model such as experimental data and previous researchers' observations. Furthermore, it is clear that some finite difference codes succeeded in estimating convective heat transfer within a laminar-turbulent transition region due to the incorporation of an intermittency function in their turbulence models.
In sum, the present paper contributes to a more satisfactory estimation of heat and mass transfer around an ice-protected airfoil because it considers the following: 1) an evaporation model based on convective mass transfer; 2) a coupling between convection heat transfer coefficient and solid-gas or liquid-gas interface temperatures due to evaporation mass flux effects in thermal boundary layer; 3) a solution of laminar and turbulent thermal boundary layer around the airfoil considering a flow with variable properties and moderate pressure gradient over a smooth surface with streamwise temperature gradient; 4) a model considering a smooth transition from laminar to turbulent flow in a finite region; and 5) a continuity condition at the laminar to turbulent transition onset position, where the initial condition for turbulent enthalpy and momentum thicknesses calculation correspond to the respective laminar values at same position.
